In this paper, we introduce the notion of a hybrid generalized multi-valued contraction mapping and establish the common fixed point theorem for this mapping. Our results generalize, unify, extend and complement several common fixed point theorems of many authors in the literature.
Theorem 1.3 ([16], Theorem 4.5). Let
) be a metric space, f : X → X be a single-valued mapping and T : X → CB(X ) be a generalized multi-valued (f , α, β)-weak contraction mapping. If fX is complete subspace of X and Tx ⊂ fX , then f and T have a coincidence point u ∈ X . Moreover, if ffu = fu, then f and T have a common fixed point. Theorem 1.3 extended, improved, unified and generalized several fixed point theorems in [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . Moreover, Theorem 1.3 provides a general answer to the problem of Reich [27] . The purpose of this paper is to define the hybrid generalized multi-valued contraction mapping which is more general than various mappings in literature and to give some properties of this mapping. We also establish the common fixed point theorem.
Preliminaries
Throughout this work, (X, d) denotes a metric space. We denote by CB(X ), the class of all nonempty closed bounded subsets of X . The Hausdorff metric induced by d on CB(X ) is given by
Let f : X → X be a single-valued mapping and T : X → CB(X ) be a multi-valued mapping.
The set of all fixed points of f (resp. T ) is denoted by F (f ) (resp. F (T )).
The set of all coincidence points of f and T is denoted by C (f , T ).
The set of all common fixed points of f and T is denoted by F (f , T ).
Definition 2.1 ([15]
). Let (X, d) be a metric space, f : X → X be a single-valued mapping and T : X → CB(X ) be a multivalued mapping. T is said to be a f -weakly Picard mapping if and only if for each x ∈ X and fy ∈ Tx (y ∈ X ), there exists a sequence {x n } in X such that
(ii) fx n+1 ∈ Tx n for all n = 0, 1, 2, . . . ; (iii) The sequence {fx n } converges to fu, where u is the coincidence point of f and T .
For examples of f -weakly Picard mapping and for more details see [28, 29] . 
for all x, y ∈ X . 
Main results
We begin this section with the notion of a hybrid generalized multi-valued contraction mapping. 
for all x, y ∈ X , where
and 
where n 1 < n 2 < · · · which k, n k ∈ N and {d(fx k−1 , fx k )} is nonincreasing. Then {fx k } is a Cauchy sequence in fX .
Proof. Let y 0 = x 0 . We construct the sequence {y k } and {A k } such that y k = fx k and
It follows from T is a hybrid generalized multi-valued contraction mapping that
Because of {d(fx k−1 , fx k )} is nonincreasing, {d(y k−1 , y k )} is also nonincreasing. By virtue of (3.4) implies that
Thus all conditions of Lemma 2.6 are satisfied and {y k } is a Cauchy sequence in fX . Proof. Let x 0 be an arbitrary point of X and y 0 = fx 0 . We construct sequences {x k }, {y k } in X respectively as follows. Since Tx ⊂ fX , there exists a point x 1 ∈ X such that y 1 = fx 1 ∈ Tx 0 . We can choose a positive integer n 1 such that
By Lemma 2.7, we may select y 2 = fx 2 ∈ Tx 1 such that
Using (3.5) and the notion of a hybrid generalized multi-valued contraction mapping, we have
Again using Lemma 2.7 and the fact that Tx ⊂ fX , we may select 8) and similarly to the previous case, we have
. By repeating this process, for all k ∈ N, we may choose a positive integer n k such that
Now we select y k+1 = fx k+1 ∈ Tx k such that (3.11) which implies that d(y k−1 , y k ) is a nonincreasing sequence of nonnegative numbers. Now, it follows from Lemma 3.3 that {y k } = {fx k } where k = 1, 2, 3, . . . is a Cauchy sequence in fX . Since fX is complete, there exists a point z ∈ X such that fx n → fz as n → ∞. Again using the notion of T is a hybrid generalized multi-valued contraction mapping and the triangle inequality, we get 
